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ASYMPTOTIC SOLUTIONS OF EQUATIONS OF CLASSICAL MECHANICS* 

V.V. KOZLOV 

Motions of natural mechanical systems that approach their equilibrium positionswith 

unlimited increase of time are considered. 

The statement of this problem and indication of existence of asymptotic motions go ap- 
parently back to the paper by Kneser /l/, in which the asymptotic trajectoriesofconservative 

systems were investigated in the neighborhood of nondegenerate equilibrium positions at which 

potential energy has a local maximum. Kneser's results were extended in /2/ to the case of 
degenerate equilibria of nonautonomous mechanical systems. Asymptotic solutionsin thegeneral 
nondegenerate case (when the potential energy Hessian at the equilibrium position is nonzero) 

were investigated by Bohl /3/. The general theorem stated in Sect.2 below shows theexistence 

of asymptotic motions in degenerate cases, when the force function expansion in the equili- 

brium position neighborhood begins with odd order terms. Since the equations of motion of 

natural systems are reversible, the respective equilibrium states are unstable. 

1. Equations of motion. Let us consider a natural mechanical system with 12 degrees 

of freedom. Let z E R” be its generalized coordinates, T (K (z) .T’. .r’: /? the kineticenergy 

(<.J is the scalar product in R”), and IT(.r generalized forces acting on tie system. The 

equations of motion in Lagrangian form are 

d dT dT 
x~--==F(“) 

Since detK#U. these equations can be solved for accelerations 

x:" : (r (5) P'. 2') + f (.I$, f (,r) ~= K-’ (r) F (L) 

where (r.r..z'> is a set of R quadratic forms in velocities (the coefficients of these forms are 

the Kronecker deltas of the Riemannian metric (K(x)dx. dz)). 
The singular points of vector field f(z) are the onlypositions of equilibrium. We can 

assume without loss of generality that point I 0 (/ (0) -:~ 0) is one of equilibrium, and also 

that elements of matrix K(z)and vector function F(z) are analytic in some neighborhood of 

point OE R* (functions r (x) and f(x) are obviously also analytic in that neighborhood). 

We expand vector function f (5) in a convergent power series / (J) = !,,. (.I.) /,,-I (1.1 + ,. 
where fp(.r) is a homogeneous vector function of power J,: III (X.X') ).I' f,, (X). We assumes that 

rn.‘ 2 (the equilibrium position s : 0 is degenerate). 

2. The theorem on asymptotic motions. We begin by investigating asymptotic solu- 

tions of the system of equations z' :~= f",(z) (m ‘2 2) which we shall call simplified. 

Lemma. If for some Ed R"(Iel _ 1) we have fm(e) -xe.~.>, (I,, the simplified equation 

has the asymptotic solution 

2 @)= n , pm-l) a E R”, 0==lale 

The lemma implies that f, (z) is a central force repelling along theraydefinedbyvector 

e, a condition that is assumed satisfied in what follows. When force f,, (5) is potential 

and its force function has no local maximum in the equilibrium position, then f, (e) -zxe for 

some E E R" and x > 0. 

Proof. If z := a/tz/(m-I), then 

. . Z(m il)Q 
5 = (m_,)3 t2m/(m-l) 

On the other hand 

Iale fm (--I =&Me,=& p/ew 
~._~ .~ ~- -- -. 
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consequently 1 a p-h == 2 (m -r I)/ (m - 1) ’ and, since x > 0~ vector a E R” exists. 

The asymptotic solution of the complete system 

5” = <r (4 I’. X.) + f,,, (J) + /“I+, (1.1 t “’ 

r (5) = r. (J) + r, (4 + _... r. (I) == r. (0) = con-t 
(2.1) 

is sought in the form 

5 (t) = y$ + + -$ + u* E H”, 
2 

al = a. PL=--- “1 ~ I (2.2) 

Below, an important part is played by the constant matrix of dimension n ‘< n 

d= Ix=a/lll 

Theorem 1. If among the eigenvalues of matrix nthere are no numbers 

4(mi3) G(mS5) Zk(2k-t m - I) (2.3) 
p-i)l) (m--1)1”“’ (“L _ I)’ ” 

then there exists a unique solution of Eq.(2.1) that can be represented in the form of series 

(2.2) convergent for fairly large 1 t 1. 

Corollary 1. If conditions of the above lemma and Theorem 1 are satisfied, the equa- 

tions of motion have asymptotic solutions inthe form of function .r (I).which approach zero as 

t++m. 

Corollary 2. On these assumptions the equilibrium position I 0 is unstable. 

Proof of Theorem 1. We carry out in the equation of motion (2.1) the substitution of 

time t-t and of the independent variable 5-Y using formulas T -_= et and z =EUY(p =2/ 

(m - 1)). The equation then assumes the form 

Y" - f, (Y) = E" [(r' (E"Y)Y', Y'1 :-!,_I (Y) :- E@j,,,_? (Y) 7m . ..I 

where the prime denotes a derivative with respect to the new "time" r and the square brackets 

contain an analytic vector function of Y, y' and EP. 

Let us set EP' =6 and consider the equation F (y’ (x), 6) = 0. where 

F = y' - J {r, (jy'ds) + 6 l...l} Llr- 

and j{.)dt is the linear operator of formal integration of power series 

We introduce space B, of functions S(T) that can be represented in the form of series 

convergent for 1% I> r, t E C and continuous for It 12 r. That space of norm 

11 x (T) // = mas 1 x (T) I 
,+=P 

is a Banach space. For small 6, )I .z(.t) - yO' (t) (( (y, = a/rr)and fairly large / 5 I function F (z (T), 

6) (as a function of z E c)) belongs to B,. 

The following statements are valid. 

lo. Function F(r(t), 6) is the continuous mapping of UX(- x, X)-S B,, where x >O is 
small and uiis some fairly small neighborhood of point .T,, = Y,' _-= - ~,a/Tb~" 

2O. 
in the B, space. 

0 
The solution of equation F(s,,O) = 0 is .z,, = y,'. 

Mapping F has in U x (- x,x) the derivative F,'(r,6) which is continuous (at least) 
at p0Zr.i (z, 6) = (yo', 0). 

4O. Setting 5 = Y,'(r) f Z(T), 6 -= 0 we obtain 

Letusshow that this linear operator D :B,-+B,has a limited inverse. Indeed, let 



456 

then the equation 

z- j~jjzdTjdT:U 
has the solution 

Since det L', # O for all k and C, =E + 0(1!li2) , operator D-l exists and is bounded. 

The properties 1o-4o of mapping F(y’, 6) enable us to apply the theorem on implicit func- 

tions /4/ which states that for small ,j equation F(y’ (T), 6) ==0 has the unique solution y' (t5 

6) not much different from function Y0' (r). Integratingthepower series of function y'(t) and 
reverting to old variables x, t, we obtain the asymptotic solution 5 (t)of the equations of 
motion which can be represented by the converging series (2.2). 

3. Instability of equilibrium in a potential field. Let us assume that the gen- 
eralized force F(s) is potential and V(Z) is its force function. Let V (.t.) -~ I-,+,(s) + I'*,+2 (x) ) 

(m > 21, where lip is the homogeneous form of variables 5 =(x1,. . ., sn)& of power p E iv. In 
normal coordinates .zE K* matrix K(x) which defines the system kinetic energy is of the form 
E -+ A(X), where E is the unit matrix and i\ (0) = 0. Since f(X) == K-l(x) F(x). hence fin (4 
dV,,&L 

Let maz,,sV,,, > 0 , where S, is an (n - f)-dimensional unit sphere {%A2 -- !}= &", 
and this maximum is attained on some vector e, then In,(e) = K e and x>O. We can assume 
without loss of generality that e = (1, O... ., b). The form I',*1 can be represented as fol- 
lows: 

V m+l = WI;“+’ + fJ vi (II) si $ + 2 Uif (z) 5,2j. w=const 

i=* i, j=l 

where vi and Vii are some homogeneous functions of power mand n - 1, respectively. Since 

dv,+,lar; = 0 (i ,> 2) when Xi = 0 (i > a), hence vi = 0. 
Moreover, for small X2,. . ., x,, and if X1 I (1 - rZ2 - . . . - x,‘)“~ function 

i $.Vij tx13 . . 1 xn) "ixj < o 

The simplified equation 

has the solution 

and in this case matrix A = t28f,/&r Ixctj is of the form 

2m(m+l) 
(m - I)2 

0 . . . 0 

0 
* * 

L&2 . . . Vzn 
, “T, = VT1 = t*cij (a/P, 0, . , 0) = const 

. 

0 
* * 

VW2 . . . v1,n 

The eigenvalues A*,. . ., h, of matrix 11 vij*//. as well as A1 X 2m (m $- I)/ (m - 1) 2 are 

eiqenvalues of matrix A. 
Let us ascertain whether numbers A,,. . ., iL, belong to sequence (2.3). If forsome k=N 

the equality k (2k + m - 1) = m(m f 1) is satisfied, then 2k2 + (m - 1) k -m (m 1) = 0,whence 
k, = - m ( 0, k, = (m + 1)/2. Thus, when expansion of the force function Z Vi (i> 3) begins 

with a nonzero form of odd power, the sequence of numbers (2.3) does not contain )L,. 

Moreover, since the form Evil (1, 0,. . ., 0) Xizj < 0, hence Z vij*zixj < 0 because Vi+* is 

proportional to l’ij (l,O,. . ., 0) with the positive coefficient p-1 . Consequently all A,.. . .: 
h, < 0. 

Thus on the basis of Theorem 1 we have proved the following theorem. 

Theorem 2. If the expansion of the force function in a Maclaurin series begins with 

terms of odd power, there exists an asymptotic motion, and in particular,the equilibrium posi- 

tion X I__ 0 is unstable. 
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4. Some generalizations. The statements about asymptotic motions proved above are 
also valid in the more general case, when Chaplygin's nonholonomic mechanical systems are 
considered instead of holonomic ones. 

Indeed, the equations of motion of Chaplygin's system in "canonical" variables (P> q) G 
R’” are of the form /5/ 

q’ = $ = K (q) p, p’ = - g + F (q) 7 (H (q) p. ,J) (4.1) 

~=+'(q)p> p) 

where Tis the kinetic energy, F(q) are generalized forces acting at points of the mechanical 
system and (B (q)p,p) is some set of )L forms quadratic form in momenta p EN". These equa- 
tions are obviously inversible (together with the solution q(t).11((1) and have 9(-t), -1,(-Q) 
as their solution). 

From the system of Eqs.(4.1) we can obtain a second order equation in r] 

Q" = <r (q) 4.7 q'> + f (4) 

where (Tq’, q’) is a set n of quadratic forms in velocities and f(q) = K(q) F(q). By a suit- 
able canonical transformation we can achieve that in the new coordinates matrix K(q) L-E + 
A(q), A (0) = 0. 

It remains to point out that the structure of coefficients F(Q) was not used in the 
proof of Theorem 1. 
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